Abstract. We consider the 3-body problem in 3-dimensional spaces of nonzero constant Gaussian curvature and study the relationship between the masses of the Lagrangian relative equilibria, which are orbits that form a rigidly rotating equilateral triangle at all times. There are three classes of Lagrangian relative equilibria in 3-dimensional spaces of constant nonzero curvature: positive elliptic and positive elliptic-elliptic, on 3-spheres, and negative elliptic, on hyperbolic 3-spheres. We prove that all these Lagrangian relative equilibria exist only for equal values of the masses.
Introduction
The idea of studying the gravitational motion of point masses in spaces of constant nonzero curvature belongs to Bolyai and Lobachevsky, who independently proposed a Kepler problem (the motion of a body around a fixed attractive centre) that would naturally extend Newton's law to hyperbolic space, [1] , [19] . Their idea was further developed by Schering, [22] , Killing, [15] , Liebmann, [17] , [18] , to both hyperbolic and elliptic space, and more recently by Cariñena, Rañada, and Santander, [2] , as well as by the Russian school of celestial mechanics, which also studied the 2-body problem in spaces of constant curvature (see [16] and its references).
In Euclidean space, the Kepler problem and the 2-body problem are equivalent. This is no longer true in curved space, due to the difficulty of giving a meaning to the centre of mass. Moreover, Shchepetilov showed that, unlike the curved Kepler problem, the curved 2-body problem is not integrable, [23] , a fact which reveals that the latter problem is far from trivial. The level of difficulty increases for the curved N-body problem with N ≥ 3, whose systematic study started recently.
In the past few years, the efforts spent in this direction generated a body of work that opened the door to an interesting research topic, [3] , [4] , [5] , [6] , [7] , [8] , [9] , [10] , [11] , [12] , [13] , [14] , [20] , [21] , [24] , [25] , [26] , [28] . The results obtained so far have not only established it as a new branch of celestial mechanics, but also showed that it helps better understand the classical Newtonian case, [8] . Among the potential applications of the curved N-body problem is that of establishing the shape of the universe, i.e., deciding whether the macrocosm has negative, zero, or positive curvature. By proving the existence of orbits that show up only in one kind of universe, but not in the other two, and finding them through astronomical observations, we could ascertain the geometry of the physical space.
Our paper makes a small step in this direction. We consider Lagrangian relative equilibria of the 3-body problem in spaces of constant Gaussian curvature. Lagrange was the first to discover such solutions in the Euclidean space. He showed that any three masses, m 0 , m 1 , m 2 > 0, lying at the vertices of an equilateral triangle can rotate on concentric circles around the common centre of mass maintaining all the time the size and shape of the initial triangle, [27] . We recently proved that on 2-spheres and hyperbolic 2-spheres, Lagrangian relative equilibria exist only if m 0 = m 1 = m 2 , [12] . However, whether all three masses must be equal remained an open question in 3-dimensional spaces of nonzero curvature. If we proved that all Lagrangian and near-Lagrangian orbits must have equal masses for nonzero curvature, then the universe would be flat, since orbits of nonequal masses like those discovered by Lagrange have been observed in our solar system. Here we consider only the Lagrangian case. The near-Lagrangian orbits are much harder to deal with, and their study would be a next step in the desired direction.
While in 2-and 3-dimensional Euclidean space there is just one class of isometric rotations, namely those corresponding to the Lie groups SO(2) and SO(3), respectively, things get more involved for curvatures κ = 0. On 2-spheres we have only the isometric rotations corresponding to SO(3), called elliptic, but on hyperbolic 2-spheres the corresponding Lie group is Lor(R 2,1 ) (the Lorentz group over the 3-dimensional Minkowski space R 2,1 ), which involves elliptic, hyperbolic, and parabolic rotations. We showed that parabolic rotations don't lead to any relative equilibria, but elliptic and hyperbolic rotations do. However, Lagrangian relative equilibria given by hyperbolic rotations don't exist. So we are left only with the elliptic Lagrangian orbits for both positive and negative curvature. As mentioned earlier, they occur solely when the masses are equal (see [5] or [6] for proofs of all these statements).
In 3-dimensional spaces of curvature κ = 0, things get a bit more complicated. The rotation group of the 3-sphere is SO(4), which involves one or two rotations. We call elliptic the elements involving a single rotation and elliptic-elliptic the elements having two rotations. The Lagrangian relative equilibria corresponding to both these isometries exist for equal masses, as proved in [5] and [6] .
The isometric rotations of the hyperbolic 3-sphere are given by the Lorentz group Lor(R 3,1 ), where R 3,1 is the 4-dimensional Minkowski space in which the hyperbolic 3-sphere is embedded. This group involves elliptic, hyperbolic, elliptichyperbolic, and parabolic rotations. Again, parabolic rotations don't lead to any relative equilibria, and there are no Lagrangian orbits given by hyperbolic and elliptic-hyperbolic rotations. But elliptic Lagrangian relative equilibria of equal masses exist for negative curvature as well, as shown in [5] and [6] . So, in 3-dimensional spaces, equal-mass positive elliptic and positive elliptic-elliptic (for κ > 0) and negative elliptic (for κ < 0) Lagrangian relative equilibria exist.
Given the above remarks, the question asked earlier can now be better rephrased. Do there exist 3-dimensional: (i) positive elliptic, (ii) positive elliptic-elliptic, and (iii) negative elliptic Lagrangian relative equilibria for nonequal masses? We will further prove that the answer is negative: in all cases, (i), (ii), and (iii), Lagrangian relative equilibria exist only if the masses are equal.
The rest of this paper is organized as follows. In Section 2 we introduce the equations of motion and their first integrals. In Section 3 we show that the positive elliptic and negative elliptic Lagrangian relative equilibria exist only if all three masses are equal. For both these kinds of orbits, we use the same idea to prove our result. Finally, in Section 4, employing a different method than in Section 3, we show that positive elliptic-elliptic Lagrangian relative equilibria exist also only for equal masses. These results show that the non-equal mass Lagrangian orbits of Euclidean space, also observed in our solar system, depict a rather exceptional phenomenon, which does not occur in spaces of nonzero constant curvature.
Equations of motion
In our previous work, we proved that when studying qualitative properties of the curved N-body problem, N ≥ 2, it is not necessary to take into account the value of the Gaussian curvature κ, but only its sign. Therefore, it is enough to work with the values κ = 1 and κ = −1, which means that we can restrict our considerations to the unit sphere and unit hyperbolic sphere. So we consider three point particles (bodies) of masses m 0 , m 1 , m 2 > 0 moving in
, where
Then the configuration of the system is described by the vector
where q i = (w i , x i , y i , z i ), i = 0, 1, 2, denote the position vectors of the bodies. The equations of motion (see [5] , [6] , or [12] for their derivation using constrained Lagrangian dynamics) are given by the system
where q ij = q i · q j , the dot is the standard inner product of signature (+, +, +, +) in S 3 , but the Lorentz inner product of signature (+, +, +, −) in H 3 , and σ = ±1, depending on whether the curvature is positive or negative.
From Noether's theorem, system (1) has the energy integral,
where
is the force function (−U is the potential);
is the kinetic energy, with h representing an integration constant; and the integrals of the total angular momentum,
where ∧ is the wedge product and c = (c wx , c wy , c wz , c xy , c xz , c yz ) denotes a constant integration vector, each component measuring the rotation of the system about the origin of the frame relative to the plane corresponding to the bottom indices. On components, the 6 integrals of the total angular momentum are given by the equations
System (1) has no integrals of the centre of mass and linear momentum, so most of the techniques used in the Euclidean case cannot be applied in spaces of nonzero constant curvature, [6] , [8] . The lack of these integrals also means that the equations of motion of the curved problem have fewer symmetries than in the Euclidean case, a fact that makes the problem more difficult, [7] , [8] .
Positive and negative elliptic Lagrangian relative equilibria
In this section we will show that both the positive elliptic and the negative elliptic Lagrangian relative equilibria exist only if all the three masses are equal. Let's start by the recalling the definition of these solutions.
Definition 1. Consider the masses
where ω = 0, r 0 , r 1 , r 2 > 0, and y 0 , y 1 , y 2 , z 1 , z 2 , z 3 , a 0 , a 1 , a 2 are constants with Before focusing on the main result of this section, let us prove a property that concerns the integrals of the total angular momentum. (1) . Then c wy = c wz = 0, where c wy and c wz are the constants of the total angular momentum corresponding to the wy-and the wz-plane, respectively.
Lemma 1. Consider a positive or negative elliptic Lagrangian relative equilibrium of system
Proof. Without loss of generality, we can choose a 0 = 0 in Definition 1. Notice that for such solutions we have c wy = ωm 0 r 0 y 0 sin ωt + ωm 1 r 1 y 1 sin(ωt + a 1 ) + ωm 2 r 2 y 2 sin(ωt + a 2 ), c wz = ωm 0 r 0 z 0 sin ωt + ωm 1 r 1 z 1 sin(ωt + a 1 ) + ωm 2 r 2 z 2 sin(ωt + a 2 ). Then, on one hand, it follows that, for t = 0, (3) c wy = ωm 1 r 1 y 1 sin a 1 + ωm 2 r 2 y 2 sin a 2 , (4) c wz = ωm 1 r 1 z 1 sin a 1 + ωm 2 r 2 z 2 sin a 2 , but, on the other hand, for t = π/ω, c wy = −ωm 1 r 1 y 1 sin a 1 − ωm 2 r 2 y 2 sin a 2 , c wz = −ωm 1 r 1 z 1 sin a 1 − ωm 2 r 2 z 2 sin a 2 . Therefore c wy = −c wy and c wz = −c wz , so the conclusion follows.
Remark 2. We can similarly show that c xy = c xz = 0. It is obvious that c yz = 0. These facts, however, will be of no further use in this paper.
We can now prove the following result. Proof. The existence of equal-mass positive elliptic and negative elliptic Lagrangian relative equilibria was established in [5] and [6] . We will further show that all positive elliptic and negative elliptic Lagrangian relative equilibria must have equal masses.
Consider a positive or negative elliptic Lagrangian relative equilibrium of system (1). Lemma 1 implies that c wy = 0, so by (3) we have (5) m 1 r 1 y 1 sin a 1 = −m 2 r 2 y 2 sin a 2 .
If we further consider the equation of system (1) corresponding toÿ 1 at t = 0, we obtain that (6) m 1 r 1 sin a 1 = −m 2 r 2 sin a 2 .
From (5) and (6) we can conclude that y 1 = y 2 . Lemma 1 also implies that c wz = 0, so by (4) we have
From (6) and (7), we can conclude that z 1 = z 2 . But from Definition 1, we have that r = σ, and r 1 , r 2 > 0. Therefore r 1 = r 2 . Proceeding similarly we can draw the conclusion that r 1 = r 2 = r 3 =: r, y 1 = y 2 = y 3 =: y, z 1 = z 2 = z 3 =: z, so any positive or negative elliptic Lagrangian relative equilibrium must have the form w 0 (t) = r cos ωt, x 0 (t) = r sin ωt, y 0 (t) = y, z 0 (t) = z, w 1 (t) = r cos(ωt + a 1 ), x 1 (t) = r sin(ωt + a 1 ), y 1 (t) = y, z 1 (t) = z, w 2 (t) = r cos(ωt + a 2 ), x 2 (t) = r sin(ωt + a 2 ), y 2 (t) = y, z 2 (t) = z,
From the above form of the solution we see that if we fix an admissible value of the constant z (in other words we look at the 3-dimensional Euclidean space wxy), the plane of the rotating equilateral triangle whose vertices carry the masses m 0 , m 1 , and m 2 must be parallel with the wx-plane. Consequently a 1 = 2π/3 and a 2 = 4π/3, since we already assumed a 0 = 0. Then sin a 1 = − sin a 2 , so from (6) we obtain that m 1 = m 2 . The final conclusion, namely that m 0 = m 1 = m 2 , follows similarly. This conclusion completes the proof.
Positive elliptic-elliptic Lagrangian relative equilibria
In this section we will prove that all positive elliptic-elliptic Lagrangian relative equilibria exist only if all the three masses are equal. We start by the recalling the definition of these solutions. 
where α, β = 0, r 0 , r 1 , r 2 , ρ 0 , ρ 1 , ρ 2 ≥ 0, and a 0 , a 1 , a 2 , b 0 , b 1 , b 2 are constants, with
conditions which imply that the triangle is equilateral. Then, the above solution of system (1), which occurs only for σ = 1, is called a positive elliptic-elliptic Lagrangian relative equilibrium.
Remark 3. Without loss of generality, we can assume that a 0 = b 0 = 0.
To prove the main result of this section we will later need the following criterion, which appears in [6] , pp. 71-72, as well as in [5] , pp. 44-45, for any N ≥ 2. Since we are interested here only in the curved 3-body problem, we present this criterion in the case N = 3. 
and, additionally, one of the following two properties takes place: (i) there is a proper subset J ⊂ {0, 1, 2} such that r i = 0 for all i ∈ J and ρ j = 0 for all j ∈ {0, 1, 2} \ J , (ii) the frequencies α, β = 0 satisfy the condition |α| = |β|.
We are now in a position to prove the following result. Proof. The existence of equal-mass positive elliptic-elliptic Lagrangian relative equilibria was established in [5] and [6] . We further show that all positive ellipticelliptic Lagrangian relative equilibria must have equal masses and that they are always generated from fixed point configurations of equilateral triangles lying on great circles of great spheres. Substitute a candidate solution as in Definition 2 with a 0 = b 0 = 0 in system (1) with σ = 1. Some long but straightforward computations lead us to the following conditions that must be satisfied if the solutions exists:
Since we assumed a 0 = 0, equation (13) Equations (13) and (15) corresponding to i = 1 can be respectively written as
Notice that it is possible to have r 1 sin a 1 = 0 or ρ 1 sin b 1 = 0. Assume r 1 = 0. Then, from equation (16) , either r 2 = 0 or sin a 2 = 0. It is easy to see that in either case we are led to an equal-mass Lagrangian solution withr 0 = r 1 = r 2 = 0 (which implies that ρ 0 = ρ 1 = ρ 2 = 1 and b 1 = 2π/3, b 2 = 4π/3), i.e., an equilateral triangle that rotates on a great circle of a great sphere. If ρ 1 sin b 1 = 0, we can reach a similar conclusion in the same way.
Let us therefore assume that r 1 = 0, ρ 1 = 0 as well as that sin a 1 = 0 and sin b 1 = 0. Then equations (18) and (19) reduce to (20) m 0 A + m 1 + m 2 A = ρ
From (20) and (21), we can conclude that (α 2 − β 2 )(1 − A 2 ) 3/2 = 0.
Since A 2 = 1 only for singular configurations, which do not occur for equilateral orbits, we can conclude that |α| = |β|. Consequently equations (12), (13) , (14) , (15) become equations (8), (9), (10), (11) , respectively, with ω 01 = ω 02 = ω 12 = A.
By Theorem 3, it follows that our candidate solution is necessarily generated from a fixed point configuration. But the only case when an equilateral triangle can be a fixed point of the curved 3-body problem in S 3 is when the bodies lie on a great circle of a great sphere and all masses are equal.
Alternatively, we could directly prove the equality of the masses under these circumstances by noticing that from equation (18) Again, we can assume that r 1 = 0, r 2 = 0, sin a 1 = 0, and sin a 2 = 0, otherwise we can reach the conclusion that the masses are equal and the solution is generated from a fixed point configuration. But then from (22) and (23), we obtain that (m 1 − m 2 )(1 − A) = 0, which implies that m 1 = m 2 and, eventually, that all the three masses are equal and the solution is generated from a fixed point configuration. This remark completes the proof.
